The holographic interpretation of the Randall-Sundrum model based on the adaptation of the AdS/CFT correspondence to the braneworld scenario states that the black holes localized on the brane are quantum corrected. This can be better understood from the fact that the classical AdS5 bulk dynamics is dual to gravity coupled with CFT on the four dimensional brane. Based on the back reaction of the CFT on the classical black hole geometry, localized on the brane, it is expected that there exist possible near horizon modifications. This may result in the black hole horizon becoming partially reflective, thus giving rise to echoes in the ringdown signal in gravitational wave observations. In this paper, we investigate the existence of such echoes in the ringdown phase of a black hole localized on the brane, carrying a negative tidal charge, and establish the layout for future investigation of higher dimensional effects in the ringdown signal. Confirmed detections of echoes at the current levels of instrumental sensitivity can constrain the dimensionless value of tidal charge to |Q| M
Introduction
The detection of gravitational waves [1] [2] [3] [4] [5] due to the coalescence of compact binary objects opened the door to test various non-trivial aspects of spacetime geometry in the strong gravity regime. Improved and/or next generation of detectors, will make it possible to probe deeper inside the signal from the merger event, giving us an insight about the strong gravity regime dominated by possible quantum effects, or novel semi-classical physics.
Out of the three different phases of a binary merger, based on the completely different physics behind each one of them, the ringdown phase is of particular interest to us. Broadly speaking, the ringdown phase involves the final relaxation of the composite object, formed due to collision of two binary objects, in this case black holes, as it settles down to a final equilibrium configuration. The ringdown phase is expected to shed light on the nature of the event horizon and can help us either verify the classical no-hair theorem, or rather discover non-trivial quantum effects at play close to the horizon [6] .
In classical general relativity, the final ringdown phase is primarily dominated by the quasi normal modes (QNMs) of the black hole (e.g., [7] ). For obtaining the QNMs one generally imposes the following boundary conditions: purely outgoing waves at spatial infinity and purely ingoing waves at the horizon. The situation may change drastically if quantum effects near the horizon are taken into account. In particular, due to various quantum effects near the horizon (e.g., fuzzball [8] , firewalls [9] scenario, Kerr wormholes [10] ) or upon interpreting the black hole as a multilevel quantum system [11] , the ingoing waves can get partially reflected from a region very close to the horizon and reach back to the asymptotic observer at infinity with a time delay. This produces an echo like pattern in the spectrum of the gravitational waves, where the echo signals are separated from the primary ringdown signal by the associated time delay due to reflection [6, [12] [13] [14] [15] . Several studies claimed to have found potential evidence of echoes in the LIGO data [13, [16] [17] [18] [19] [20] , although such evidences remains controversial (e.g., [21] [22] [23] [24] ).
Given the significant modifications made to the ringdown phase, pertaining to the reflective boundary condition at the horizon, it is instructive to understand whether there exists any model where such reflective boundary conditions are a necessity. We demonstrate in this work that such is indeed the scenario when one introduces extra spatial dimensions to the spacetime. In particular, the reflective boundary conditions become essential when brane localized black holes in the Randall-Sundrum braneworld paradigm are considered. As in the standard scenario with an extra spatial dimension, the matter fields are localized on a four dimensional brane and only gravity can propagate in the five dimensional bulk spacetime [25] [26] [27] . Such an approach calls for obtaining the effective gravitational field equations on the four dimensional brane, which was derived using the Gauss-Codazzi formalism in [28] [29] [30] [31] [32] . The effective gravitational field equations so obtained, can be solved for a static and spherically symmetric spacetime, yielding a metric which resembles a Reissner-Nordström black hole with a 'tidal charge' instead of the usual electric charge [33] . Due to non-trivial effects inherited from the bulk, the effective gravitational field equations on the brane are modified and these modifications are manifested in the brane localized black hole solution as the tidal charge. This motivates one to look if the presence of the tidal charge due to higher spacetime dimensions can have any observational significance. Several analysis has been performed in various observational avenues to look for the presence of this negative tidal charge [34] [35] [36] [37] , including its effect on gravitational waves [38] [39] [40] [41] [42] [43] . However, it should be emphasized that it is difficult to obtain static black hole solutions that are localized on the 3-brane and free of any pathology when extended to the bulk [33, [44] [45] [46] [47] [48] [49] .
From the adaptation of the AdS/CFT conjecture to the braneworld model [26] it was argued that solving the classical five dimensional Einstein's equations in the bulk are equivalent to solving the semi-classical Einstein's equations in the four dimensional dual CFT theory coupled with gravity on the brane [50] [51] [52] . Therefore, on the brane hypersurface, the CFT stress energy tensor would induce quantum effects, hence affecting the black hole solutions localized on the brane. Thus one may conclude that the black hole solutions derived from the classical bulk gravitational field equations will inherit non-trivial quantum corrections on the brane.
Based on the above discussion, we will consider the brane localized black hole solution presented in [33] as a quantum black hole and compute the QNMs due to scalar perturbation by imposing reflective boundary condition at the horizon, rather than purely ingoing boundary condition. In particular, we solve for the propagation of the massless scalar field modes, whose evolution is governed by the Klein-Gordan equation in the above background geometry of a braneworld black hole. As we will demonstrate, the QNMs derived in such an approach exhibit echoes.
The paper is organized as follows: In Section 2 we give the general form of the scalar perturbation equation in a static and spherically symmetric spacetime that we will solve analytically, with a low frequency approximation, as well as numerically in order to determine the ringdown modes and hence the nature of echoes. Subsequently, in Section 3 we have reviewed the static, spherically symmetric black hole solution localized on a 3-brane and hence motivate the necessity of reflective boundary condition at the horizon. The real and the imaginary parts of the frequencies associated with QNMs using an analytic method have been presented in Section 4. Finally, in Section 5 we have performed a numerical analysis in order to obtain the frequencies of the QNMs and show how the quantum black holes in the braneworld scenario would give rise to echoes in the ringdown. We further comment on the dependence of the ringdown spectrum on the tidal charge of the black hole as well as on future directions of exploration.
2 Scalar field in a static and spherically symmetric spacetime Our objective in this paper is to study the scalar perturbation of a black hole localized on the brane, which presumably experiences quantum corrections near the horizon, resulting in partial refelction of the in-falling modes which appear as echoes to the asymptotic observer at infinity. To arrive at the main conclusion, we will keep our analysis simple and consider perturbations due to a massless scalar field living in this background geometry of a brane localized black hole. This is because the qualitative predictions for higher spin perturbations would be more or less identical with the much simpler scalar perturbation and in this paper, our primary objective is to motivate the scenario in which one can justify the existence of the quantum black holes that would give rise to such echoes in the ringdown spectrum.
Given this preamble, in this section, we will briefly discuss the basic ingredients necessary to compute how a scalar field evolves in a static and spherically symmetric spacetime. The results derived in this section will be useful in the later parts of this work when we apply the formalism to a specific solution of the effective gravitational field equations on the brane. The scalar field will be assumed to be a free field, i.e., without any potential term and without any mass. Thus the evolution of the scalar field is determined by the Klein-Gordon equation in the static background spacetime, respecting spherical symmetry. As we will see, the Klein-Gordon equation reduces to a linear second order differential equation on which appropriate boundary conditions must be imposed. Then one finds that the evolution of the scalar field must exhibit certain characteristic time scales, whose inverses are known as the QNMs associated with the spacetime.
For generality, we start by writing down the generic metric ansatz depicting a static and spherically symmetric spacetime, which takes the following form,
Here, f (r) and h(r) are arbitrary functions of the radial coordinate. In this background geometry, the propagation of the scalar field ψ is governed by the equation ψ = 0. Due to spherical symmetry and staticity of the spacetime, it is possible to decompose the scalar field Ψ as
where Y m (θ, φ) corresponds to the spherical harmonics. Inserting the above expansion of the scalar field in its field equation, i.e., ψ = 0, we obtain
where the potential V (r) appearing in the above expression is given as
Thus the Klein-Gordon equation can be reduced to an ordinary differential equation for ψ m (r) in the radial coordinates. It is advantageous to re-scale the field ψ m (r), such that ψ m(r) = rR m (r). Thus the differential equation satisfied by the function R m (r) immediately follows from Eq. (3) as,
Thus given any spacetime geometry one can express the above equation as a second order differential equation in the radial coordinate. In order to determine the solution it is necessary to impose suitable boundary conditions which tells us how the field asymptotes. Using such a set of appropriate boundary conditions, from the poles of the Green's function of the above equation one can get the frequencies associated with the QNMs of the system. Subsequently, the above differential equation will be used in order to determine the associated QNMs with appropriate boundary conditions.
Vacuum solution on the brane
It is difficult to obtain static black hole solutions on the brane and the first attempt was made in [44] by replacing the Minkowski metric on the brane by a Schwarzschild metric. Even though one would expect the black hole horizon to extend into the bulk, it is desirable that the singularity should always stay confined on the brane. The problem with the black string solution of [44] is that it extends all the way up to the AdS horizon. Also, it was shown that the solution suffers from classical instability for a certain range of parameter space [53, 54] . The exact solution for a black hole localized on a four dimensional brane in an AdS 5 bulk is not known and it has been proposed that a static classical black hole formed by gravitational collapse does not exist on the brane [45] . For this reason, various approximate methods are used to gain a better understanding of the black holes localized on the brane. In this section, we will describe one such way to arrive at vacuum solutions that are localized on the brane. To do that we would like to find out the 'effective' gravitational field equations from the perspective of a brane observer. In order to derive such effective gravitational field equations, one starts with the gravitational field equations in the bulk, which is taken to be the five dimensional Einstein's equations with a negative bulk cosmological constant Λ. The gravitational field equations on the four-dimensional brane are obtained by projecting various geometrical quantities, appearing in the bulk gravitational field equations, onto the brane. This is achieved by using the projector h A B = δ A B −n A n B , where n A is the unit normal, perpendicular to the four-dimensional hypersurface, i.e., normal to the brane. The fact that h A B is a projector can be understood by noting that it satisfies the following properties:
Thus one uses this projector to define various geometrical quantities intrinsic to the brane hypersurface. In the context of curvature tensor, such a relation between intrinsic curvature on the brane with bulk curvature is given by the Gauss-Codazzi equations. This can be further contracted to determine the projection of the bulk Einstein's equations on the brane. Since we are considering the case of vacuum brane, there is no matter energy momentum tensor on the brane. However, there is a non-zero brane tension λ b = −(6Λ/8πG 5 ), where G 5 is the five dimensional gravitational constant. This choice of λ b ensures that the 'effective' four dimensional cosmological constant identically vanishes. Thus the 'effective' gravitational field equations on the brane take the following form,
In the above expression (4) G ab is the Einstein tensor constructed exclusively using the metric induced on the brane, i.e., h ab . The other quantity appearing in Eq. (6) corresponds to E ab ≡ W ACBD e A a n C e B b n D , where W ABCD is the bulk Weyl tensor and e A a ≡ (∂x A /∂y a ) is another way of expressing the projector. Even though the bulk gravitational field equations were purely Einstein in nature, the effective theory on the brane inherits additional corrections over and above the Einstein term and is related to the Weyl tensor in the bulk.
Exact solution with negative tidal charge
It turns out that it is indeed possible to solve Eq. (6) in the context of static and spherically symmetric vacuum four dimensional spacetime. The metric derived with the above symmetry requirements has the following line element [33] 
The term (Q/r 2 ) is originating from the projection of the bulk Weyl tensor, i.e., E ab , the correction term in the effective gravitational field equations. The metric structure resembles the Reissner-Nordström solution, since the tensor E ab coming from bulk geometry has a structure, similar to that of the energy momentum tensor of a Maxwell field. It should be emphasized that, despite the superficial similarity of the metric presented in Eq. (7) with the Reissner-Nordström solution, the solution is actually associated with vacuum spacetime, where Q is appearing (with a distinctive negative sign before it) due to existence of extra dimension. To reiterate, in Reissner-Nordström metric the coefficient of (1/r 2 ) term, defined as the electric charge, is always positive, while here the coefficient of (1/r 2 ) term can have negative sign and it is defined as the 'tidal' charge 1 . In particular when Q > 0, the coefficient of (1/r 2 ) term has a negative sign and is a distinctive signature of the presence of higher spacetime dimensions. Given the structure of the metric as depicted in Eq. (7), one can easily read off, f (r) = h(r) = 1 − (2M/r) − (Q/r 2 ) and use this functional form in Eq. (4) in order to determine the potential, a massless scalar field experiences when living on this black hole spacetime. For illustrative purposes and keeping in mind future applications we have depicted the potential associated with the evolution of a massless scalar field in the above black hole background for different values of the tidal charge Q in Fig. 1 . As evident from Fig. 1 , with larger and larger values of the tidal charge parameter Q, the height of the potential decreases and the location of the maxima of the potential shifts to the larger radial distances. As we will demonstrate, these features will have significant implications on the ringdown phase of the black hole. From the perspective of an observer located on the brane hypersurface, the above metric with positive Q, i.e., negative tidal charge inherits a single horizon located at r h = M + M 2 + Q. Thus one may interpret this solution as a black hole solution with a horizon, from the perspective of a four dimensional observer. The above result also demonstrates another non-trivial feature associated with this solution as it admits a single horizon, unlike the Reissner-Nordström solution, which possesses two horizons.
In order to infer the true nature of this horizon, i.e., whether it is an event horizon, one needs the global structure of the spacetime, which includes the bulk geometry as well. In the context of the brane Figure 1 : The maxima of the potential is at r max ∼ 3M , for Q = 0, but as we can see, with increasing value of the tidal charge, the peak of the potential decreases and the maxima shifts towards larger and larger values of the radial coordinate. This will have serious implications for the echoes. metric presented in Eq. (7) one can integrate the evolution equations for the extrinsic curvatures into the bulk, while the constraint equations take care of the accuracy of the method. Since the bulk inherits a negative cosmological constant the volume decreases exponentially as one probe more and more into the bulk geometry, thus after certain length scale into the bulk the numerical evolution cannot be continued any further. However, it turns out that in the above mentioned scheme of evolution into bulk, the surface r = r h appears as an apparent horizon, i.e., the outermost surface having a negative expansion for the outgoing null geodesic congruence [46] .
Quantum corrections at the horizon
As we have demonstrated earlier, the extension of the black hole spacetime on the brane hypersurface, presented in Eq. (7), into the bulk geometry makes the surface r = r h an apparent horizon. Thus it is no longer justified to introduce a purely ingoing boundary condition at r = r h . Further motivation and support for the above statement originates from considering the AdS/CFT duality, according to which the boundary theory of an AdS bulk is a CFT. In the RS braneworld scenario, we have a similar setup where our universe is assumed to be a hypersurface in a AdS 5 bulk spacetime. As a consequence of this, the zero mode of the five dimensional gravity gets trapped on the brane, inducing four dimensional gravity coupled to the dual CFT on the brane. Thus the holographic interpretation of the RS scenario states that the classical bulk dynamics is dual to four dimensional gravity coupled to a cut-off CFT on the brane. This would imply that black holes localized on the brane are always quantum corrected, since there would be a back reaction on them due to the CFT coupling [50] [51] [52] . The quantum interpretation of the black holes on the brane further explains why static solutions were hard to obtain on the brane which has a pathology free bulk extension. It was further shown that the correction to Newtonian potential in the RS scenario [55] can be accounted from the one loop correction to the graviton propagator [56] .
Following such discussions regarding quantum corrections at the horizon for brane localized black hole, in [52] a plausible 'quantum' modification of the horizon, due to the bulk dynamics, was studied. This was achieved by investigating the null geodesics related to the massive KK mode trajectories in the bulk. It was demonstrated that the apparent horizon of the brane localized black hole indeed gets shifted due to quantum corrections and is given as
where l p is the four dimensional Planck length, M is the black hole mass and N are the degrees of freedom of the dual CFT living on the brane. Note that the above result is for G = 1 = c unit. If we want to restore the units, then, the black hole mass must be replaced by GM/c 2 . For a black hole of mass 1M , the quantity GM/c 2 = 1.48 × 10 3 m, while GM/c 3 = 0.49 × 10 −5 s. Using the holographic principle, the effective CFT degrees of freedom N can be written as
where L is the bulk AdS radius and one can impose bounds on L from various observation since it would also determine the lifetime of a black hole [57] as well as the extent of the extra dimension. Other evidence for the quantum corrected black holes based on the holographic interpretation of RS2 was provided in [51] , where it was argued that the quantum corrections due to back-reaction will act on the Schwarzschild metric localized on the brane and thus would modify the classical horizon.
Boundary condition at the horizon
Having elaborated on the black hole solution derived from the effective gravitational field equations as well as possible quantum modifications to the horizon we now turn our attention to the discussion of the boundary condition at the apparent horizon and how it may depend on the quantum effects near the horizon. The scalar field as well as the horizon is affected by the existence of bulk spacetime, through either the potential in the Klein-Gordon equation or quantum corrections. Thus it is safe to assume that the boundary condition at the (apparent) horizon need not be strictly ingoing as it would have been for the case for an event horizon in a static black hole spacetime.
To quantify this speculation, we assume that the black hole will partially reflect the ingoing scalar modes. Further to make things simple, we will assume following [13] [14] [15] and the discussion leading to Eq. (8) , that there is a membrane outside the horizon, at r 0 ∼ r h + due to some quantum effects, possibly originating from the back-reaction of the CFT on the brane, a consequence of the AdS/CFT correspondence. Such quantum effects, naturally leads to reflecting boundary conditions at r 0 (at least for frequencies
Hawking temperature [14] ). To be consistent with the semi-classical gravity on the brane, we place the membrane at η times the Planck proper length away from the horizon, motivated by Eq. (8). Thus we have the following relation determining the parameter η, which encapsulates the modifications to the location of the horizon, as,
Solving the integral in the near horizon limit, one can fix the location of the membrane 2 , i.e., η in terms of black hole parameters and Planck length l p as
where r ≡ M − M 2 + Q is introduced in the above expression for later convenience. Even though r has similarity with the inner horizon of a Reissner-Nordström black hole, in the present context with negative tidal charge, i.e., positive values of Q, it does not represent any physical length scale associated with the system. It further follows from the above expression that η 2 ∼ N 2 and for L = 1mm, it follows that η 2 ∼ 10 30 . Thus the membrane is located at ∼ 10 −18 m. Note that the smaller the AdS radius, the smaller the value of η and hence the location of the membrane depends strongly on the AdS curvature scale. Thus the presence of extra dimension and its length indeed affects the location of the membrane and as we will demonstrate, this in turn will affect the echo spectrum. Hence echoes have a direct correspondence with the length of the extra dimension.
Structure of quasi-normal modes and echo
In this section, we solve for the QNMs associated with the scalar field perturbation in the background spacetime described by the metric presented in Eq. (7) . In the case of classical black holes the boundary condition at the horizon will be ingoing, however as argued above the apparent horizon r = r h will be modified due to quantum effects from the coupled CFT, so it gives us the freedom to introduce a reflecting boundary condition at the horizon, or at a surface Planck proper length away from it. In the general context, it is not possible to determine the QNMs analytically, but in the regime M ω 1 3 one can determine the QNMs using analytical techniques as we will now demonstrate. We will follow the approach used in [59] [60] [61] by matching the asymptotic expansion with the corresponding solution in the near horizon regime and hence solving for the discrete frequencies of the QNMs associated with the spacetime described in Eq. (7) . In brief, we solve the radial part of the scalar wave equation in the near horizon limit as well as in the asymptotic regime and then we match the solutions in an overlapping region defined as M (r − r h ) 1/ω, leading to the frequencies of the discrete tower of the QNMs.
Asymptotic solutions
In this section, we will take the first step in obtaining analytical solutions for the QNMs, by determining the asymptotic behaviour of the solutions. For simplicity, we introduce the following definition, ∆ ≡ r 2 − 2M r − Q = (r − r h )(r − r ), where as mentioned earlier, r = M − M 2 + Q is used just as a notation, 2 Even though the black string solution used in [52] , to conclude about the quantum ergosphere, does not take into consideration the effect of the tidal charge, we use the induced black hole metric on the brane with the tidal charge parameter to make the argument more general while capturing the quantitative behaviour of the presence of any quantum effects in the near horizon region. Also, in Q ∼ 0 limit the black hole metric, as presented in Eq. (7) reduces to the form that was used in [44, 52] . 3 For studying the gravitational wave echoes this is the most interesting regime since they are obtained from the ringdown signal after the merger, which initially is mostly dominated by the black hole-like QNMs and subsequently decays with time. The photon sphere, corresponding to the maxima of the potential, acts as a high-pass filter. This decreases the frequency content for each subsequent echo. Hence, at late times the low frequency approximation becomes more accurate [58] .
it does not represent any physical horizon. Thus plugging the spacetime metric presented in Eq. (7) in the wave equation, i.e., Eq. (5) and using the result r 2 √ f h = ∆ we get,
Since we are interested in the asymptotic behaviour of this differential equation, we use the result that asymptotically ∆ ∼ r 2 and thus Eq. (12) takes the following form,
This differential equation can be solved in terms of spherical Bessel functions as,
where α and β are arbitrary constants of integration. This solution is in the asymptotic regime, while we want to match this solution with the near horizon solution in the intermediate regime. Thus we consider small r limit of the above equation, yielding,
In order to arrive at the above expression we have used the following expansion of the Bessel function for small values of r, i.e., J b (r) = {1/Γ(b + 1)} (r/2) b . Along identical lines we can also determine the behaviour of the solution written down in Eq. (14) for large values of the radial coordinate r, which yields, R m ∼ 1 r 2 πω α sin(ωr − π/2) + β cos(ωr + π/2) .
We will need both the small r as well as large r behaviour of the solution, as presented above, in the next section when we include appropriate boundary conditions and solve for the frequencies of the QNMs.
Near-horizon solutions
As in the above section, we can perform a similar computation and write Eq. (12) in the near horizon limit, i.e., r ∼ r h . In this context it is useful to define a new variable
Using which we can express the metric components, which effectively are determined by the quantity ∆ alone, in terms of the newly defined variable x as,
Thus using this result as well as the near horizon approximation appropriately, from Eq. (12) we obtain the following form for the differential equation depicting radial evolution of the scalar field as,
Redefining the frequency ω appearing in the above expression asω ≡ ωr 2 h /(r h − r ), the above differential equation, presented in Eq. (19) , can be re-expressed as,
At this stage it is instructive to define a new radial function F m (r) such that, R m (r) = (1+x) iω x −iω F m (r) and performing a change of variable z ≡ 1 − x, Eq. (19) can be presented in the known hypergeometric form, which reads
The solution of the above equation can be expressed in terms of hypergeometric functions and hence determine F m (z) as a suitable linear combination of these hypergeometric functions. From which one can reverse the transformation and read of the scalar perturbation R m , which in terms of the variable x takes the following form,
where A and B are arbitrary constants of integration. For small values of x, i.e., closer to the horizon we can expand the hypergeometric functions and obtain the following power law solution,
On the other hand, we need to obtain the behaviour of the near-horizon solution in the large r regime, in order to match with the asymptotic solutions in the small radial distance limit, obtained in Eq. (15) . For large values of x (or, equivalently r) we can expand the hypergeometric functions as power series in the radial distance. Keeping the leading order terms in the expansion, and using suitable identities involving Γ functions, we finally arrive at the following expression for the radial perturbation R m associated with the scalar field,
Thus we have both the asymptotic, as well as near horizon solutions, along with their expansions in the intermediate overlapping region as well as in the asymptotic and near horizons regimes. We will now apply suitable boundary conditions on the asymptotic and near horizon form of the solutions to fix the arbitrary constants appearing in Eq. (14) and Eq. (22) respectively, whose subsequent matching in the intermediate region will lead to an estimation of the frequencies of the QNMs.
Boundary conditions and QNMs
To obtain the QNMs we need to impose specific boundary conditions at the horizon and at asymptotic infinity. Since these boundary conditions are imposed on the in-going and out-going modes, it will be beneficial to pause for a while and understand the in-going and out-going modes. In this context, it would be helpful to introduce the tortoise coordinate, which for the static and spherically symmetric metric written down in Eq. (1) can be calculated from the following differential relation dr * = {1/ f (r)h(r)}dr. Performing the integration, the tortoise coordinate in this particular context of brane localized black hole with a negative tidal charge, yields,
.
where in the last line we have used near horizon approximation. The near horizon approximation, is also manifested by the limit in which x is small and hence the above integral yields
Since at infinity, r * ∼ r, there is no point in doing this integral in that regime separately. As far as the boundary conditions are concerned, at infinity we impose the condition that only out-going waves are present. Hence we set the in-going part, i.e., coefficient of exp(−iωr) appearing in Eq. (16) to zero and get the following condition
Similarly, near the apparent horizon, i.e., at r = r 0 ∼ r h + , it is legitimate to introduce a reflective boundary condition with reflectivity R 4 . This yields,
where x 0 = x(r = r 0 ), i.e., represents the value of the function x(r) on the stretched horizon. Furthermore, note that for perfectly reflective boundary condition, we have R = 1 and it follows from Eq. (28) that the field identically vanishes on the reflecting surface r = r 0 . Thus using the boundary conditions at asymptotic infinity and near horizon regime, we have eliminated two unknown constants, appearing in the solution. However, there are still two more unknown constants present in the solutions. To fix these, we match the near horizon solution presented in Eq. (24) with the far region solution written down in Eq. (15), this yields,
where the quantity L appearing in the above equation is defined as L ≡ π{Γ( + 1)} 2 2 2 +2 Γ( + 3/2)Γ(2 + 2)Γ(2 + 1)Γ( + 1/2)
As evident, from Eq. (28) and Eq. (29) we can eliminate the ratio (B/A) and obtain at x 0 , i.e., on the stretched horizon, the following expression,
Unfortunately, this equation cannot be solved in general using analytical methods in order to get the QNM frequency ω, and we must resort to numerical techniques, which are discussed in the next section. However, under certain reasonable assumptions, this equation reduces to a much simpler form and it is possible to determine the frequencies of the QNMs analytically. First of all we have to work in the small frequency approximation, i.e., we will work in the limit of small ω. If we further assume M ω 1 and the real part of ω is much larger than the imaginary part, then the above equation can be written down as, R = x 2iω 0 . This can be re-expressed using Eq. (26) as
where δ is a phase factor depending on the details of the reflective membrane and n is an integer. From this we can determine the real part of the quasi-normal mode frequency ω as
where we have expressed the term r 0 * appearing in the above equation in terms of the black hole parameters and horizon radius as,
In order to determine the imaginary part of QNM frequency ω we can add a small imaginary part to the real part, i.e., ω ∼ Re(ω) + iΩ and treat Ω in a perturbative manner. Thus the redefined frequencyω becomes,ω ∼ Re(ω) + iσΩ, where σ = r 2 h /(r h − r ). Performing the previous calculation with the small imaginary frequency thrown in we get from Eq. (31) the follwing relation,
This algebraic equation can also be solved analytically under the same set of assumptions as before and hence using the assumption for small M ω as well asω, we get the following simplified form of the above equation,
The imaginary part of ω can be immediately determined by solving the above equation, yielding,
where we have expanded the Logarithmic term in a power series and have kept the leading order term in the expansion. We note that the real part of the QNM does not explicitly depend on the reflectivity of the membrane near the horizon but is sensitive to the position of the membrane. While the imaginary part depends both on the reflectivity, as well as on the location of the membrane, through the real part of the QNM frequency. As mentioned earlier, these are derived in the low frequency regime and hence is not applicable for any general frequency. To remedy this issue, we will determine the QNMs numerically in the next section.
Numerical analysis of ringdown and echoes
As we assume a reflective boundary condition while computing the QNMs by solving Eq. (28), where the ingoing wave is (partially) reflected by some membrane close to the horizon, copies of the reflected wave reaches infinity after a time delay. This time delay can be calculated as the time it takes for the wave to travel in between the maxima of the potential (located at the photon circular orbit r ph ) and the membrane close to the horizon (located at r 0 ∼ r h + ). As mentioned earlier, such a reflective boundary condition originates from the quantum nature of brane localized black hole. Since the primary ringdown signal is coming through the potential and the secondary echoes comes after getting reflected from the potential and then from the stretched horizon at r 0 . This induces a time delay ∆t in arrival of the secondary echoes, given as
For the metric given by Eq. (7), the integrand is the same as the tortoise coordinate calculated in Eq. (25), except for the specific limits used in this integral. Thus taking a cue from Eq. (25) we get,
It is interesting to note that the time delay is dependent on the value of the tidal charge Q as r h , r and r ph depends on Q. Hence the arrival of secondary echoes will depend on the value of Q. This is better illustrated in Fig. 2 where we have explicitly depicted how the relative echo time (time delay ∆t, normalized by ∆t for vanishing tidal charge) changes with the change in the tidal charge Q. This will be verified later on through numerical analysis of the spectrum for quasi-normal modes.
Pushing forward, we solve for the scalar perturbation equation expressed in Eq. (5) numerically, assuming a reflective boundary condition at the horizon and obtain the QNMs. As the analytic approach is valid in the low frequency range only, we use numerical methods to obtain the echo spectrum for different values of Q to demonstrate what kind of effect the tidal charge Q has on the ringdown spectrum. If we assume that a primary signal is produced at the maxima of the potential, i.e., near the photon sphere, due to perturbation of the black hole, the echo waveform is given by the linear combination of the QNM's. This can be written as
where the coefficients c n are the complex amplitude of the QNM's. For determining the amplitude, one can use various analytical templates [58, 62] after taking the primary signal to be the same as the black holes fundamental QNM. Using the ω n as we obtained by solving Eq. (31) numerically and choosing a suitable initial condition, one can obtain the waveform from Eq. (40) .
The result of such an analysis and the resulting waveform has been presented in Fig. 3 for three different choices of the tidal charge parameter Q. We observe that the echo waveforms depict a significant departure from general relativistic prediction as the value of the tidal charge parameter is increased. In particular, with increase of the tidal charge Q, the echoes arrive at a later instant of time than their general relativistic counterparts. For example, if we consider the tidal charge parameter Q/M 2 ∼ 1, the echo arrival time would increase by ∼ 3% (see Fig. 2 ), which is roughly the level of precision for measurement of echo time at current instrumental sensitivities (e.g., Equation 6 in [13] ).
This provides a very distinct signature of the existence of extra dimensions in the context of black hole echoes, and could help to break the potential degeneracies between various parameters in the merger/ringdown signals. The physics behind such a difference can be understood along the following lines: As the negative tidal charge parameter Q gets larger and larger, the effective potential experienced by the outgoing waves decreases in height, but is also further and further away from the stretched horizon. Thus the time delay increases with increasing Q. This results in the out of phase behaviour of the echoes. The difference in the time delay between two consecutive echo signals for different values of Q can be also seen from the analytic expression Eq. (39) for the time delay which increases with the increase of the tidal charge Q (also see Fig. 2 ). Thus not only echoes are more natural in the braneworld scenario, but they also carry distinct signature of the existence of higher dimensions, which can be probed by considering the time delay of the echoes.
Discussion
In the paradigm of AdS/CFT conjecture, the black holes localized on the brane are necessarily quantum corrected due to the coupling of the gravity and the CFT on the brane [50, 51, 63] . It is argued that there would be a difference between the event horizon and the apparent horizon of the black hole due to the backreaction of the CFT, which makes the black hole dynamical (e.g., the black hole will undergo Hawking radiation) [52] . Considering the dynamics of an evaporating black hole, one can show that the difference between these horizons would scale as l 2 p and for evaporating black holes on the brane, this would be much larger and get multiplied by a factor of N 2 , the number of degrees of freedom of the CFT on the brane Eq. (8) . The quantum effects on the horizon can have many non-trivial behaviours in contrast to those of a classical black hole, such as the presence of the quantum ergosphere and the back-reaction can make the horizon singular as well [49, 51] . Without going into the model-dependent details of these speculations, it will be difficult to address the structure of the horizon in a four dimensional setting. However, it is clear that generically the boundary condition at the outer apparent horizon need not be purely ingoing. To quantify this, we assumed a reflective membrane, a Planck proper length away from the horizon. Thus, it naturally follows that the black holes localized on the brane must inherit such quantum corrections and as a consequence the natural boundary condition on the horizon may not be strictly ingoing. Thus, an open-minded reader may conclude that echoes may be natural bi-products of braneworld black holes.
Following this argument, we have analyzed the structure of the QNMs both analytically as well as numerically. In the analytical estimation, we have solved the scalar perturbation equation at the asymptotic region and the near horizon region. Subsequently, these solutions are matched at the intermediate region along with purely outgoing waves at infinity and partially reflecting wave at the stretched horizon. This provides an approximation for the real and imaginary parts of the QNM frequencies. It turns out that analytical estimates are possible only in the limit of small frequency. In a generic context, we have used appropriate numerical techniques to determine the QNM frequencies and have determined the waveform through numerical integration. This results in the appearance of echos in the ringdown signal.
We have also explicitly demonstrated the dependence of the echo spectrum on the tidal charge (see Fig. 3 ). In particular, we have shown that the time scale of the echo, ∆t, roughly given by
for non-spinning braneworld BH. ∆t increases as the tidal charge parameter, Q is increased. This is easy to understand from Fig. 1 , since with the increasing tidal charge, the maxima of potential goes to higher and higher radial distance compared to the Q/M 2 = 0 case. Therefore, the time scale for which the scalar modes are confined will increase, leading to increased time delay. Thus the presence of negative tidal charge will necessarily lead to an echo spectrum, which becomes out of phase as time progresses in comparison with the corresponding result from general relativity. In particular, for a tidal charge Q ∼ M 2 , the arrival time of echoes can increase by ∼ 3% in comparison to general relativity, which is at the current level of sensitivity of LIGO/Virgo measurements [13] . In combination with the merger/ringdown gravitational wave signal, this observation can provide smoking gun for the existence of negative tidal charge and hence of the extra spatial dimension, if the detection of echoes is confirmed in gravitational wave observations. Moreover, the location of the reflective membrane, which is also intimately related to the AdS radius, or equivalently, to the extent of the extra dimension, also has non-trivial implications for the echo time delay. Hence even the size of the extra dimension has non-trivial implications for the echo spectrum from braneworld black holes. Further, the case of braneworld black hole also gives a compelling answer to the question, why the horizon of a black hole should be reflective in nature. As future directions, it will be interesting to provide an observational constraint on the parameters for these higher dimensional black holes as that would require studying the full gravitational perturbation and knowing the extension of the brane localized black hole solution to the bulk, following [27, 40, 64] . Extension for rotating brane localized black holes is also an interesting extension of this work and falls within the scope of a future application. Understanding the case of rotating black holes is necessary in order to make predictions about astrophysical black holes, which will be important to connect with the present day observations. A recent work has shown the presence of echoes for wormholes in the braneworld scenario [65] which we wanted to explore as well. In addition, how the quantum corrections due to presence of CFT on the brane will affect the black hole solution considered here will be another interesting direction of exploration and will be reported elsewhere.
